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LAGRANGIAN SUBMANIFOLDS IN k-SYMPLECTIC
SETTINGS
M. DE LEO´N AND S. VILARIN˜O
Abstract. In this paper we extend the well-know normal form
theorem for Lagrangian submanifolds proved by A. Weinstein in
symplectic geometry to the setting of k-symplectic manifolds.
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1. Introduction
In symplectic geometry, the classical Darboux theorem states that if
M is a symplectic manifold of dimension 2n with a symplectic form ω
and x is any point of M , then there exists a coordinate system (xi, yi)
on a neighborhood U of x such that ω = dxi ∧ dyi on U .
In [17] A. Weinstein has generalized this result in the following sense:
Theorem 1.1. Let N be a closed submanifold of M and Ω0, Ω1 sym-
plectic structures on M such that Ω0|N = Ω1|N . Then there exists a
automorphism f |N on M such that f = idN and f
∗Ω1 = Ω0.
The above theorem is very useful in order to understand the geo-
metrical properties of lagrangian submanifolds. Indeed, A. Weinstein
has obtained the following result, which gives the normal form for a
lagrangian submanifold in a symplectic manifold.
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Theorem 1.2. Let (P, ω) be a symplectic manifold and let L be a
lagrangian submanifold. Then there exists a tubular neighborhood U
of L in P, and a diffeomorphism φ : U → V = φ(U) ⊂ T ∗L into
an open neighborhood V of the zero cross-section in T ∗L such that
φ∗(ωL|V ) = ω|U , where ωL is the canonical symplectic form on T
∗
L.
A natural generalization of a symplectic manifold is the notion of the
so-called k-symplectic manifolds. Recall that a k-symplectic structure
on a manifold M of dimension n(k + 1) is a family of k closed 2-forms
(ω1, . . . , ωk) on M such that ∩
k
r=1 kerωr = {0}. Let us observe that
the canonical model of a symplectic manifold is the cotangent bundle
T ∗Q, while the canonical model of k-symplectic manifold is the bundle
of k1-covelocities, that is the Whitney sum T ∗Q⊕
k
· · · ⊕T ∗Q of k copies
of the contangent bundle. The notion of k-symplectic structure was in-
dependently introduced by A. Awane [2, 3], G. Gu¨nther [7], M. de Leo´n
et al. [10, 11], and L.K. Norris [14, 15]. Let us recall that k-symplectic
manifolds provide a natural arena to develop classical field theory as
an alternative to other geometrical settings, like multisymplectic man-
ifolds (see [8, 16] for a survey on this subject).
A Darboux theorem for k-symplectic manifolds has been proved in
[2, 11], but in this case, for k ≥ 2 one needs an additional geomet-
ric ingredient. Indeed, it is necessary to assume the existence of a
k-lagrangian integrable distribution of dimension nk (let us observe
that we can extend the usual concepts of isotropic, coisotropic and
lagrangian submanifolds of the symplectic geometry to the case of k-
symplectic manifolds, see section 2.1). This fact leads us to introduce
the notion of polarized k-symplectic manifold as a k-symplectic mani-
fold (M,ω1, . . . , ωk) such that there exist W a k-lagrangian integrable
distribution of codimension n.
The natural question is if we can generalize the Weinstein’s normal
form theorem for lagrangian submanifolds to this new geometric set-
ting.
The main result of the paper is stated as follows (see section 3.2):
Theorem 1.3. Let (M,ω1, . . . , ωk,W ) be a polarized k-symplectic man-
ifold. Let L be a k-lagrangian submanifold which is complementary to
W , that is, TL⊕W |L = TM |L. Then there is a tubular neighborhood
U of L and a diffeomorphism Φ: U → V ⊂ T ∗L⊕
k
· · · ⊕T ∗L where
V is a neighborhood of the zero section, such that Φ|L is the standard
identification of L with the zero section of T ∗L⊕
k
· · · ⊕T ∗L, and
Φ∗
(
ΩLr |V
)
= ωr|U ,
for all r ∈ {1, . . . , k}, where (ΩL1 , . . . ,Ω
L
k ) is the canonical k-symplectic
structure on T ∗L⊕
k
· · · ⊕T ∗L.
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Notice that the above result can be compared to the corresponding
one in the multsymplectic setting (see [9, 13]).
As a first consequence of the above results, we can induce a differ-
entiable structure to the group of a k-symplectomorphism of a (po-
larized) k-symplectic manifold on itself. Let us recall that given two
k-symplectic manifolds (Mi, ω
i
1, . . . , ω
i
k), i = 1, 2, a diffemorphism φ
from M1 to M2 is called a k-symplectomorphism if and only if φ
∗ω2r =
ω1r , 1 ≤ r ≤ k. Along this paper, given a k-symplectic manifold
(M,ω1, . . . , ωk) we denote by G(M,ω1, . . . , ωk) the group of automor-
phism ofM which are k-symplectomorphism; this group, G(M,ω1, . . . ,
ωk), is called the automorphism group of the k-symplectic manifoldM .
Using that there is a one-to-one correspondence between the group of
automorphism of a symplectic manifold which are close to the identity
and the family of k closed 1-forms on M , one can introduce a chart in
the group of the diffeomorphism of M .
We hope to use these results to go further in the study of the group
of the automorphism of a k-symplectic manifold.
Throughout this paper we shall assume that our vector space and
manifolds are finite dimensional.
2. k-symplectic vector spaces and special subspaces
By an exterior form (or simply a form) on a vector space, we mean
an alternating multilinear function on that space with values in the
field of scalars. The contraction of a vector v ∈ V and an exterior form
ω on V will be denoted by ıvω.
In this section we study the k-symplectic vector spaces. After some
introductory definitions, a model of k-symplectic vector space is de-
scribed. Finally we discuss the notion of orthogonal complement of a
subspace of a k-symplectic vector space and study some subspace with
special properties.
Definition 2.1. A k-symplectic vector space (V, ω1, . . . , ωk) is a vector
space V of dimension n(k+1) and a family of k skew-symmetric bilinear
forms ω1, . . . , ωk such that
k⋂
r=1
ker ωr = {0} , (2.1)
where ker ωr = {u ∈ V|ωr(u, v) = 0, ∀v ∈ V} denotes the kernel of ωr.
Note that for k = 1 the above definition reduces to that of a sym-
plectic vector space. The condition (2.1) means that the induced linear
map
b : V → V∗×
k
· · · ×V∗
v 7→ (ıvω1, . . . , ıvωk)
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is injective or equivalently that it has maximal rank, that is, rank b =
dim V = n(k + 1).
Example 2.2. We consider the vector space V = R3 with the the
family of skew-symmetric bilinear forms
ω1 = e
1 ∧ e3 and ω2 = e
2 ∧ e3 ,
where {e1, e2, e3} is the canonical basis of R
3 and {e1, e2, e3} the dual
basis. It is easy to check that
ker ω1 = span{e2} and ker ω2 = span{e1}
and therefore ker ω1 ∩ ker ω2 = {0}, that is, (ω1, ω2) is a 2-symplectic
structure on R3.
⊳
Example 2.3. We consider the vector space V = R6 with the family
of skew-symmetric bilinear forms
ω1 = e
1 ∧ e3 + e4 ∧ e6 and ω2 = e
2 ∧ e3 + e5 ∧ e6
where {e1, e2, e3, e4, e5, e6} is the canonical basis of R
6 and {e1, . . . , e6}
the dual basis. It is easy to check that
ker ω1 = span{e2, e5} and ker ω2 = span{e1, e4}
and therefore ker ω1 ∩ ker ω2 = {0}, that is, (ω1, ω2) is a 2-symplectic
structure on R6.
Another k-symplectic structure on R6 is given by the family of 2-
forms ωr = er ∧ e6, r ∈ {1, . . . , 5}, which is a 5-symplectic structure on
R
6. ⊳
Example 2.4. It is well-known that for any vector space V , the space
V × V ∗ admits a canonical symplectic form ωV given by
ωV ((v, α), (w, β)) = β(v)− α(w) ,
for v, w ∈ V and α, β ∈ V ∗ (see for instance [1]). This structure has the
following natural extension to the k-symplectic setting. For any k, the
space V × V ∗×
k
· · · ×V ∗ can be equipped with a family of k canonical
skew-symmetric bilinear forms (ωV1 , . . . , ω
V
k ) given by
ωVr ((v, α1, . . . , αk), (w, β1, . . . , βk)) = βr(v)− αr(w) , (2.2)
for v, w ∈ V and (α1, . . . , αk), (β1, . . . , βk) ∈ V
∗×
k
· · · ×V ∗. It is now a
simple computation to show that (V × V ∗×
k
· · · ×V ∗, ωV1 , . . . , ω
V
k ) is a
k-symplectic vector space.
Let us observe that if we consider the natural projection
prr : (v, α1, . . . , αk) ∈ V × V
∗×
k
· · · ×V ∗ → (v, αr) ∈ V × V
∗,
the 2-form ωVr is exactly pr
∗
rωV . ⊳
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Definition 2.5. Let (V1, ω
1
1, . . . , ω
1
k) and (V2, ω
2
1, . . . , ω
2
k) be two k-
symplectic vector space and let φ : V1 → V2 be a linear isomorphism. φ
is called a k-symplectomorphism if it preserves the k-symplectic struc-
ture, that is, φ∗ω2r = ω
1
r , ∀r ∈ {1, . . . , k}.
On a symplectic vector space there is a natural notion of orthog-
onal complement of a subspace with respect to the given symplectic
2-form. On a k-symplectic space, however, there are several options
for defining some kind of “orthogonality”. Indeed, let (V, ω1, . . . , ωk)
be an arbitrary k-symplectic vector space, and let W be a subspace of
V. For each l, with 1 ≤ l ≤ k, the l-th orthogonal complement of W is
the linear subspace of V defined by
W⊥,l = {v ∈ V |ω1(v, w) = . . . = ωl(v, w) = 0, for all w ∈ W} . (2.3)
The following proposition collects some properties related to the
above definition.
Proposition 2.6.
(i) W⊥,k ⊆W⊥,k−1 ⊆ . . . ⊆W⊥,1.
(ii) For all index l ∈ {1, . . . , k} the following properties hold.
(a) {0}⊥,l = V.
(b) If V ⊂W then W⊥,l ⊂ V ⊥,l.
(c) W ⊂ (W⊥,l)⊥,l.
(d) W ∩W⊥,l =
l⋂
r=1
ker (ωr|W ) . As a consequence one has
V
⊥,l =
l⋂
r=1
ker ωr and V
⊥,k = {0}.
(e) (V +W )⊥,l ⊂ V ⊥,l ∩W⊥,l.
(iii) Finally for all l1, l2 ∈ {1, . . . , k},
(a) V ⊥,l1 +W⊥,l2 ⊂ (V ∩W )⊥,min{l1,l2}.
(b) V ⊥,l1 ∩W⊥,l2 ⊂ (V +W )⊥,min{l1,l2}.
Proof. The assertions (i), (ii.a) and (ii.b) are simple verifications. For
(ii.c) by definition ofW⊥,l, for all v ∈ W⊥,l, one obtains that if w ∈ W ,
then ω1(v, w) = · · · = ωl(v, w) = 0, i.e. w ∈ (W
⊥,l)⊥,l.
To prove (ii.d) we consider that
W ∩W⊥,l
=W ∩ {v ∈ V |ω1(v, w) = · · · = ωl(v, w) = 0, for all w ∈ W}
={v ∈ W |ω1(v, w) = · · · = ωl(v, w) = 0, for all w ∈ W}
=
l⋂
r=1
{v ∈ W |ωr(v, w) = 0, for all w ∈ W} =
l⋂
r=1
ker (ωr|W ) .
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In particular, one has that
V
⊥,l = V ∩ V⊥,l =
l⋂
r=1
ker ωr .
Finally, when l = k, from the above expression and the k-symplectic
condition (2.1) one obtains V⊥,k =
k⋂
r=1
ker ωr = {0} .
For (ii.e), since V ⊂ V +W andW ⊂ V +W , from (ii.b) one obtains
that (V + W )⊥,l ⊂ V ⊥,l and (V + W )⊥,l ⊂ W⊥,l, so (V + W )⊥,l ⊂
V ⊥,l ∩W⊥,l.
To prove (iii) we consider two index l1, l2 ∈ {1, . . . , k}. Since V ∩W ⊂
V and V ∩W ⊂W , as a consequence of (i) and (ii.b) one has
V ⊥,l1 ⊂ (V ∩W )⊥,l1 ⊂ (V ∩W )⊥,min{l1,l2}
and
W⊥,l2 ⊂ (V ∩W )⊥,l2 ⊂ (V ∩W )⊥,min{l1,l2}.
Therefore V ⊥,l1 +W⊥,l2 ⊂ (V ∩W )⊥,min{l1,l2}.
Now, for (iii.b), let u ∈ V ⊥,l1 ∩ W⊥,l2 be, then ω1(u, v) = · · · =
ωl1(u, v) = 0, for all v ∈ V and ω1(u, w) = · · · = ωl2(u, w) = 0 for all
w ∈ W . Thus, we have that ω1(u, λv + µw) = · · · = ωmin{l1,l2}(u, λv +
µw) = 0, for all λv + µw ∈ V +W , that is u ∈ (V +W )⊥,min{l1,l2}, and
therefore V ⊥,l1 ∩W⊥,l2 ⊂ (V +W )⊥,min{l1,l2}. 
Remark 2.7. In the symplectic case (k = 1), the above relations
reduce to the well-know properties of the orthogonal complement of a
subspace [1]. ⋄
Remark 2.8. In general W 6= (W⊥,l)⊥,l. In fact, we consider the
vector space V = R3 with the 2-symplectic structure given by
ω1 = e
1 ∧ e3 and ω2 = e
2 ∧ e3 ,
where {e1, e2, e3} is the canonical basis of R
3 and {e1, e2, e3} the dual
basis. If W = {0}, then
({0}⊥,1)⊥,1 = (R3)⊥,1 = ker ω1 = span{e2} 6= {0} .
⋄
Now, putting l = l1 = l2 in (iii.b) of the previous Proposition, we
derive the following result.
Corollary 2.9. For any two subspaces V and W of a k-symplectic
vector space (V, ω1, . . . , ωk), we have
(i) V ⊥,l ∩W⊥,l = (V +W )⊥,l.
(ii)
(
(V ⊥,l +W⊥,l)⊥,l
)⊥,l
⊂ (V ∩W )⊥,l.
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Proof. From (ii.e) and (iii.b) of the Proposition 2.6 one obtains
(V +W )⊥,l ⊂ V ⊥,l ∩W⊥,l ⊂ (V +W )⊥,l ,
then (V +W )⊥,l = V ⊥,l ∩W⊥,l.
For (ii), notice that using (ii.c) of the previous Proposition and (i)
here,
V ∩W ⊂ (V ⊥,l)⊥,l ∩ (W⊥,l)⊥,l = (V ⊥,l +W⊥,l)⊥,l.
So, from (ii.b), (ii) holds. 
Remark 2.10. In the k-symplectic setting there is an important dif-
ference with the symplectic case. In this setting is not true that
dimW + dimW⊥,k = dimV.
In fact, we consider the 2-symplectic vector space of the example 2.2
and the subspaceW = span{e3}. It is trivial thatW
⊥,2 = span{e3}
⊥,2 =
span{e3}, then
dimW + dimW⊥,2 = 2dim span{e3} = 2 6= 3 = dimR
3 .
Another example is the following. Consider the k-symplectic vector
space V = V × V ∗×
k
· · · ×V ∗ and the subspace W = V ∗×
k
· · · ×V ∗. It
is easy to check that W⊥,k =W , and then we obtain
dimW + dimW⊥,k = 2dimV ∗×
k
· · · ×V ∗ = 2k dim V
and dimV = (k + 1) dimV , so dimW + dimW⊥,k = dimV if and only
if k = 1.
In general, we only have the trivial formula
dimW + dimW⊥,l ≤ 2 dimV .
⋄
2.1. Isotropic, coisotropic and Lagrangian subspace. We can
now introduce the following special types of subspaces of a k-symplectic
vector space, generalizing the corresponding notions in symplectic ge-
ometry, [1].
Definition 2.11. Let (V, ω1, . . . , ωk) be a k-symplectic vector space. A
subspace W of V is said to be
(i) l-isotropic if W ⊂W⊥,l;
(ii) l-coisotropic if W⊥,l ⊂W ;
(iii) l-lagrangian if W is l-isotropic and there exists a l-isotropic
subspace U of V, such that V = U ⊕W .
Example 2.12. We consider the vector space V = R3 with the 2-
symplectic structure introduced in the example 2.2.
• span{e2}
⊥,1 = R3 and span{e2}
⊥,2 = span{e1, e2}, so span{e2}
is a 1-isotropic and 2-isotropic subspace.
• span{e1, e3}
⊥,2 = {0}, then span{e1, e3} is a 2-coisotropic sub-
space.
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• span{e1} is a 1-lagrangian subspace. In fact, span{e1} ⊂
span{e1}
⊥,1 = span{e1, e2} and there exists U = span{e2, e3}
such that R3 = span{e1} ⊕ span{e2, e3} and span{e2, e3} ⊂
span{e2, e3}
⊥,1 = span{e2, e3}.
• span{e3} = span{e3}
⊥,2, span{e1, e2}
⊥,2 = span{e1, e2} and
R
3 = span{e1, e2} ⊕ span{e3}. Therefore, span{e3} is a 2-
lagrangian subspace.
⊳
Example 2.13. A more general situation is the following. We consider
the canonical model of k-symplectic vector space V = V×V ∗×
k
· · · ×V ∗,
described in the example 2.4, where V is any vector space. Identifying
V and V k∗ = V ∗×
k
· · · ×V ∗ with the subspaces V ×{0} and {0}×V k∗,
respectively, we have,
(i) V k∗ = V ∗×
k
· · · ×V ∗ is a l-isotropic and l-coisotropic subspace
for all l ∈ {1, . . . , k}. In fact, it is straightforward to check
that (V k∗)⊥,l = V k∗.
(ii) The subspace V ⊂ V = V ×V ∗×
k
· · · ×V ∗ satisfies that V ⊥,k =
V , then V is a k-isotropic an a k-coisotropic subspace.
(iii) V and V ∗×
k
· · · ×V ∗ are k-lagrangian subspaces.
⊳
The last two examples of k-lagrangian subspaces illustrate that in a
k-symplectic space, the k-lagrangian subspaces need not all have the
same dimension. The situation is thus quite different from the finite di-
mensional symplectic case (k = 1), where all lagrangian subspaces have
the same dimension, namely half the dimension of the given symplectic
space.
In view of (i) of the Proposition 2.6 it is clear that an l-isotropic
(resp. l-coisotropic) subspace is also l′-isotropic (resp. l′′-coisotropic)
for all 1 ≤ l′ < l (resp. l < l′′ ≤ k).
In the next Proposition we collect a few interesting properties con-
cerning the concepts of isotropic, coisotropic and lagrangian subspaces.
Proposition 2.14. Let (V, ω1, . . . , ωk) be a k-symplectic vector space
and W a subspace of V.
(i) Each subspace of dimension 1 is l-isotropic for all l ∈ {1, . . . , k}.
(ii) Each subspace of codimension 1 is k-coisotropic.
(iii) W is l-isotropic if, and only if, ωr|W×W = 0 for all r ∈
{1, . . . , l}.
(iv) If W = W⊥,l, then W is a l-lagrangian subspace, for each
l ∈ {1, . . . , r}.
(v) If W is k-lagrangian then W =W⊥,k.
(vi) If U is a l-isotropic subspace of V, then for every l′ ≤ l there
exist a l′-lagrangian subspace which containts to U .
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Proof. (i) IfW is a 1-dimensional subspace of V it readily follows from
the definition of the k-orthogonal complement that W ⊂W⊥,k, i.e. W
is k-isotropic and then l-isotropic for every l ≤ k.
(ii) Let W be a (n(k + 1) − 1)-dimensional subspace of V and let
{e1, . . . , en(k+1)−1} denote a basis of W . For any v ∈ W
⊥,k we have, by
definition
ωr(v, ei) = 0,
for all 1 ≤ i ≤ n(k + 1) − 1, 1 ≤ r ≤ k. If 0 6= v 6∈ W , then it really
follows that ıvωr = 0, 1 ≤ r ≤ k, that is, v ∈ ∩
k
r=1 kerωr = {0}, which
it is a contradiction, therefore W⊥,k ⊂ W , i. e. W is a k-coisotropic
subspace.
(iii) Let W be a l-isotropic space, that is,
W ⊂W⊥,l = {v ∈ V |ω1(v, w) = . . . = ωl(v, w) = 0, for all w ∈ W},
then for all v, w ∈ W one has ω1(v, w) = . . . = ωl(v, w) = 0, or
equivalently ωr|W×W = 0 , r ∈ {1, . . . , l}. Conversely, if v ∈ W , then
ω1(v, w) = · · · = ωl(v, w) = 0, for all w ∈ W , then, by the definition
2.3, one has that v ∈ W⊥,l, that is, W ⊂ W⊥,l.
(iv) We now suppose that W = W⊥,l, we construct U of definition
2.11(iii) as follows. Choose arbitrarily u1 6∈ W and let U1 = span(u1);
since W ∩ U1 = {0}, one has
V = {0}⊥,l = (W ∩ U1)
⊥,l =W⊥,l + U⊥,l1 = W + U
⊥,l
1 .
Moreover, as U1 has dimension 1, it is l-isotropic.
Now take a vector u2 ∈ U
⊥,l
1 , u2 6∈ W + U1, let U2 = U1 + span{u2}.
By construction W ∩U2 = {0}, V = W +U
⊥,l
2 and from (i) in Corollary
2.9, one has
U2 = U1+span{u2} ⊂ U
⊥,l
1 ∩span{u2}
⊥,l = (U1+span{u2})
⊥,l = U⊥,l2 ,
since u2 ∈ U
⊥,l
1 . If we continue inductively, we may construct a chain
of l-isotropic subspaces U1 ⊂ U2 ⊂ · · · , such that W ∩ Ui = {0} and
V =W + U⊥,li . This chain necessarily possesses a maximal element Us
for which Us = U
⊥,l
s . Thus we can choose U = Us.
(v) We now prove that the assertion W is k-lagrangian implies that
W = W⊥,k. We haveW ⊂W⊥,k by definition of k-lagrangian subspace.
Conversely, let v ∈ W⊥,k and write v = u+w, where u ∈ U and w ∈ W ,
being U the subspace given in definition 2.11(iii). We shall show that
u = 0. Indeed, since U is, in particular, k-isotropic, u ∈ U⊥,k. Similarly
u = v − w ∈ W⊥,k, then u ∈ U⊥,k ∩W⊥,k = (U +W )⊥,k = V⊥,k = 0.
Thus, u = 0, so W⊥,k ⊂W and the identity W⊥,k = W holds.
For (vi), it suffices to prove that every l-isotropic subspace U is
contained in a l-lagrangian subspace of V since, as noticed above, a
l-isotropic subspace is also l′-isotropic for every l′ ≤ l.
By assumption, U ⊂ U⊥,l. If U 6= U⊥,l, take a vector v1 ∈ U
⊥,l such
that v1 6∈ U . Let U1 = U + span{v1}. By construction U1 ⊂ U
⊥,l
1 ,
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indeed since v1 ∈ U
⊥,l
1 ,
U1 = U ⊕ span(v1) ⊂ U
⊥,l ∩ span{v1}
⊥,l = (U + span{v1})
⊥,l = U⊥,l1 .
Summarizing, we thus have the inclusions U ⊂ U1 ⊂ U
⊥,l
1 ⊂ U
⊥,l. Con-
tinuing inductively, we may construct a chain of l-isotropic subspaces
U ⊂ U1 ⊂ U2 ⊂ · · · which necessarily possesses a maximal element W
for which W = W⊥,l. By (iv) we know that this condition implies that
W is l-lagrangian subspace. 
Remark 2.15. Form items (iv) and (v) of the above proposition we
obtain that a subspaceW of a k-symplectic vector space (V, ω1, . . . , ωk)
is k-lagrangian if and only if W = W⊥,k. Observe that this equivalence
is only valid for the index k (see for instance example 2.12). As a
consequence of this characterization is easy to prove that a k-lagrangian
subspace U is maximal in the sense that there is not a another k-
lagrangian subspace V such that U ⊂ V . In fact, in that case, from
item (ii.b) of Proposition 2.6 one has,
U ⊂ V ⊂ V ⊥,k ⊂ U⊥,k = U
and therefore U = V . ⋄
Proposition 2.16. Let (V1, ω
1
1, . . . , ω
1
k) and (V2, ω
2
1, . . . , ω
2
k) be two k-
symplectic vector space and πi : V1×V2 → Vi the canonical projection,
i = 1, 2. The family
(ω11 ⊖ ω
2
1, . . . , ω
1
k ⊖ ω
2
k)
defined by ω1r⊖ω
2
r = π
∗
1ω
1
r−π
∗
2ω
2
r , is a k-symplectic structure on V1×V2.
Proposition 2.17. Let (V1, ω
1
1, . . . , ω
1
k) and (V2, ω
2
1, . . . , ω
2
k) be two k-
symplectic vector space and φ : V1 → V2 a linear isomorphism. φ is a
k-symplectomorphism if and only if its graph,
Γφ = {(v1, φ(v1) | v1 ∈ V1}
is a k-lagrangian subspace of (V1 × V2, ω
1
1 ⊖ ω
2
1, . . . , ω
1
k ⊖ ω
2
k).
Proof. We recall that
Γ⊥,kφ ={(x, y) ∈ V1 × V2 | (ω
1
r ⊖ ω
2
r )((x, y), (v1, φ(v1))) = 0, ∀v1 ∈ V1, ∀r}
={(x, y) ∈ V1 × V2 |ω
1
r (x, v1) = ω
2
r(y, φ(v1)), ∀v1 ∈ V1, ∀r ∈ {1, . . . , k}} .
We now prove that φ is a symplectomorphism if and only if Γφ is
a k-isotropic subspace. From Proposition 2.14(iii) we know that the
graph Γφ is a k-isotropic subspace if and only if
(ω1r ⊖ ω
2
r)((v1, φ(v1)), (v
′
1, φ(v
′
1))) = 0 , ∀r = 1, . . . , k ,
that is,
ω1r (v1, v
′
1)− ω
2
r(φ(v1), φ(v
′
1)) = ω
1
r(v1, v
′
1)− φ
∗ω2r (v1, v
′
1) = 0, ∀r = 1, . . . , k ,
which is equivalent to say that φ is a k-symplectomorphism.
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In addition, if Γφ is k-isotropic, it is also k-lagrangian. In fact, if
(x, y) ∈ Γ⊥,kφ , then we have
ω1r(x, v1) = ω
2
r(y, φ(v1)), ∀v1 ∈ V1, ∀r ∈ {1, . . . , k} . (2.4)
On the other hand, (x, φ(x)) ∈ Γφ ⊂ Γ
⊥,k
φ , then
ω1r(x, v1) = ω
2
r(φ(x), φ(v1)), ∀v1 ∈ V1, ∀r ∈ {1, . . . , k} . (2.5)
Then from (2.4) and (2.5) we obtain that
ω2(y − φ(x), φ(v1)) = 0, ∀v1 ∈ V2, ∀r ∈ {1, . . . , k}
thus, as φ is an isomorphism this condition is equivalent to y− φ(x) ∈
k⋂
r=1
ker ω2r and as (V2, ω
2
1, . . . , ω
2
k) is a k-symplectic vector space, one
obtains that y = φ(x) and therefore ω1r(x, v1) = φ
∗ω2r(x, v1), i.e. φ is a
k-symplectomorphism. 
2.2. Polarized k-symplectic vector space. It is well-know that in
symplectic geometry, given any finite dimensional symplectic vector
space (V, ω) and an arbitrary Lagrangian subspace L of V (which
always exists), one can construct a symplectic isomorphism between
(V, ω) and (L × L∗, ωL), with ωL given as in the example 2.4. This is
not true in the general k-symplectic case. For instance, if we consider
the example 2.12 and the 1-lagrangian subspace V = span{e2, e3}, a
trivial computation allows us to check that there is not a isomorphism
between (R3, ω1, ω2) and (V × V
∗ × V ∗, ωV1 , ω
V
2 ), being (ω
V
1 , ω
V
2 ) the
canonical k-symplectic structure given in the example 2.4, due to di-
mensional reasons.
In this section we introduce a particular type of k-symplectic vector
space of dimension n(k + 1) which are isomorphism to the canonical
prototype (V × V ∗×
k
· · · ×V ∗, ωV1 , . . . , ω
V
k ) for some V of dimension n.
Consider the canonical k-symplectic structure
(V = V × V ∗×
k
· · · ×V ∗, ωV1 , . . . , ω
V
k )
for some finite dimensional vector space V . Identifying V and V ∗×
k
· · ·
×V ∗ with the subspaces V ×{0} and {0}×V ∗×
k
· · · ×V ∗, respectively,
we have the following property:
Lemma 2.18. V and V ∗×
k
· · · ×V ∗ are complementary k-lagrangian
subspaces of dimensions dim V and k dimV , respectively.
Putting W = V ∗×
k
· · · ×V ∗, we note that
V/W = V
which, in particular, yields
dimV = dim(V/W ) and dimW = k dim(V/W ) .
12 M. DE LEO´N AND S. VILARIN˜O
Next, we introduce the following definition.
Definition 2.19. A k-symplectic vector space (V, ω1, . . . , ωk) is said
to be polarized if there exist a k-lagrangian subpace W of V such that
dimW = k dim
(
V/W
)∗
. We denote a polarized k-symplectic vector
space by (V, ω1, . . . , ωk,W ).
Remark 2.20. Here we use the term “polarized” by analogy with the
symplectic case, where given a real symplectic vector space (V,Ω), one
can extend Ω to a complex-bilinear form ΩC on the complexification
VC . A polarization of V is a Lagrangian subspace of VC and given
L a lagrangian subspace of V , its complexification LC is a lagrangian
subspace of VC . ⋄
Proposition 2.21. Let (V, ω1, . . . , ωk,W ) be a polarized k-symplectic
vector space. Then, there exists a k-lagrangian subspace V which is
complementary to W , i.e. such that V = V ⊕W .
Proof. It is a direct consequence of the definition of k-lagrangian sub-
space. 
Proposition 2.22. Let (V, ω1, . . . , ωk) a k-symplectic vector space.
Then (V, ω1, . . . , ωk) is k-symplectomorphic to a canonical k-symplectic
vector space if and only if there exists a k-lagrangian subspace W of V
such that dimW = k dim
(
V/W
)∗
.
Proof. If for some vector space V , there exists a k-symplectic isomor-
phism between (V, ω1, . . . , ωk) and (V × V
∗×
k
· · · ×V ∗, ωV1 , . . . , ω
V
k ),
then we consider the subspace W associated to V ∗×
k
· · · ×V ∗ via this
isomorphism. It is trivial that this subspace satisfies the properties
stated in the proposition.
We now assume that the conditions of the proposition hold for some
subspace W of V, i.e., we assume that (V, ω1, . . . , ωk) is a polarized k-
symplectic vector space. According to the previous proposition, there
exists a k-lagrangian subspace V such that V = V ⊕W and dimV =
dim
(
V/W
)
. Then we define then the following linear mapping
φ : W → V ∗×
k
· · · ×V ∗
w 7→ (−(ıwω1)|V , . . . ,−(ıwωk)|V )
Using the k-isotropic character of W and that (ω1, . . . , ωk) define a
k-symplectic structure it is easy to check that φ is injective and, since
the dimensionality assumptions, we deduce that φ is in fact a linear
isomorphism.
Next, we define the mapping
ψ : V = V ⊕W → V × V ∗×
k
· · · ×V ∗
(v, w) 7→ (v, φ(w))
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which is also a linear isomorphism such that ψ∗ωVr = ωr. In fact,(
ψ∗ωVr
)(
(v, w), (v˜, w˜)
)
= ωVr
(
(v, φ(w)), (v˜, φ(w˜))
)
=ωVr
(
(v,−(ıwω1)|V , . . . ,−(ıwωk)|V ), (v˜,−(ıw˜ω1)|V , . . . ,−(ıw˜ωk)|V )
)
=− ıw˜ωr(v˜) + ıwωr(v) = ωr
(
(v, w), (v˜, w˜)
)
.

Remark 2.23. A direct application of the Proposition 2.22 shows that
given a polarized k-symplectic vector space (V, ω1, . . . , ωr,W ) there
exist a basis (Darboux basis) {e1, . . . , en, f
1
1 , . . . , f
k
1 , . . . f
1
n, . . . , f
k
n} such
that {ei} is a basis of V and {f
r
i } is a basis of W . Moreover
ωr = e
∗
i ∧ (f
r
i )
∗
being {e∗i } and {(f
r
i )
∗} the dual basis of {ei} and {f
r
i }, respectively. ⋄
3. k-symplectic manifolds
We turn now to the globalization of the ideas of the previous section
to k-symplectic manifolds.
Definition 3.1. A k-symplectic manifold (M,ω1, . . . , ωk) is a family
consisting of a manifoldM of dimension n(k+1) equipped with a family
of k closed 2-forms (ω1, . . . , ωk) such that (TxM,ω1(x), . . . , ωk(x)) is a
k-symplectic vector space for all x ∈ M . The family (ω1, . . . , ωk) is
called k-symplectic structure.
Example 3.2. Let (T 1k )
∗Q be the cotangent bundle of k1-covelocities,
i.e. the Whitney sum of k copies of the cotangent bundle of a differ-
entiable manifold Q, and denote by πk,rQ : (T
1
k )
∗Q→ T ∗Q the canonical
projection over the r-copy of the cotangent bundle. We define the
family of canonical 2-forms (ΩQ1 , . . . ,Ω
Q
k ) as follows:
ΩQr = (π
k,r
Q )
∗ω
being ω the canonical symplectic form of T ∗Q.
A direct computation shows that ((T 1k )
∗Q,Ω1, . . . ,Ωk) is a k-symplec-
tic manifold.
We recall that the canonical symplectic form is defined as ω = −dθ0,
where θ0 is the canonical form or Liouville form on T
∗Q (see for instance
[1]). Thus, every ΩQr can be written as Ω
Q
r = −dΘ
Q
r , being Θ
Q
r =
(πk,rQ )
∗θ0. ⊳
Remark 3.3. For each αx ∈ (T
1
k )
∗Q = T ∗Q⊕
k
· · · ⊕T ∗Q, the k-
symplectic vector space (Tαx(T
∗Q⊕
k
· · · ⊕T ∗Q),ΩQ1 (αx), . . . ,Ω
Q
k (αx))
associated to the k-symplectic manifold ((T 1k )
∗Q,ΩQ1 , . . . ,Ω
Q
k ) is related
with the canonical k-symplectic structure on TxQ×T
∗
xQ×
k
· · · ×T ∗xQ de-
scribed in example 2.4 with V = TxQ. In fact, for each αx ∈ T
∗Q⊕
k
· · ·
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T ∗Q, we consider the following vector space isomorphism
Tαx(T
∗Q⊕
k
· · · ⊕T ∗Q)
Ψαx−→ TxQ× T
∗
xQ×
k. . . ×T ∗xQ
Zαx 7→ ((π
k
Q)∗(αx)(Zαx), β
1
x, . . . , β
k
x)
where βrx ∈ T
∗
xQ is the covector such that
(βrx)
(r) = (πk,rQ )∗(αx)(Zαx) ∈ Tαrx(T
∗Q)
being (βrx)
(s) the s-vertical lift of βrx to T
∗Q⊕
k
· · · ⊕T ∗Q defined in [10].
We now recall this definition:
Consider the following commutative diagram:
T ∗Q⊕
k
· · · ⊕T ∗Q
pikQ

pi
k,r
Q
// T ∗Q
piQ
ww♣♣
♣♣
♣♣
♣♣
♣♣
♣♣
♣♣
Q
Suppose that αx ∈ T
∗Q⊕
k
· · · ⊕T ∗Q, πkQ(αx) = x,
πk,rQ (αx) = α
r
x and that β ∈ T
∗
xQ. The (s)-vertical lift
of β to T ∗Q⊕
k
· · · ⊕T ∗Q is the unique tangent vector
β(s) ∈ Vr, such that
ı(pik,s
Q
)∗(αx)(β(s))
ω = (πQ)
∗β
being ω the canonical symplectic form on T ∗Q.
Locally, we consider a local coordinate system (qi, pri )
on T ∗Q⊕
k
· · · ⊕T ∗Q. If β = βidq
i, then we have
β(s) = βi
∂
∂psi
.
Moreover, if (ΩQ1 (αx), . . . ,Ω
Q
k (αx)) is the canonical k-symplectic struc-
ture on the vector space Tαx(T
∗Q⊕ k. . . ⊕T ∗Q) and (ωTxQ1 , . . . , ω
TxQ
k )
the canonical k-symplectic structure on TxQ× T
∗
xQ×
k. . . ×T ∗xQ intro-
duced in the example 2.4, then
(Ψαx)
∗ (ωTxQr ) = ΩQr (αx), ∀r ∈ {1, . . . , r}. (3.1)
⋄
3.1. Isotropic, coisotropic and Lagrangian submanifolds. Fol-
lowing the notion of special submanifolds in the symplectic case we
can give the following definition:
Definition 3.4. Let N be a submanifold of a k-symplectic manifold
(M,ω1, . . . , ωk). N is said to be l-isotropic (resp. l-coisotropic, l-
lagrangian) if TxN is a l-isotropic (resp. l-coisotropic, l-lagrangian)
vector subspace of the k-symplectic vector space (TxM,ω1(x), . . . , ωk(x))
for all x ∈ N .
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Proposition 3.5.
(i) The fibers of πkQ : T
∗Q⊕
k
· · · ⊕T ∗Q→ Q are k-lagrangian.
(ii) The image of a section γ of πkQ is k-lagrangian if and only if γ
is a closed section.
Proof. (i) In the above remark we recall that at each point αx ∈ (T
1
k )
∗Q
we have
Tαx(T
∗Q⊕
k
· · · ⊕T ∗Q) ∼= TxQ× T
∗
xQ×
k. . . ×T ∗xQ .
On the other hand, for the tangent space to the fibre through αx we
deduce
Tαx
(
(πkQ)
−1(πkQ(αx))
)
∼= T ∗xQ×
k. . . ×T ∗xQ
and, hence, it follows from Lemma 2.18 that this is a k-lagrangian
subspace of Tαx(T
∗Q⊕
k
· · · ⊕T ∗Q).
(ii) Now we prove that L is a k-isotropic submanifold if and only if
γ is a closed section of πkQ. Let us observe that if γ is a section of π
k
Q,
then there exist a family of k 1-forms on Q such that γ = (γ1, . . . , γk).
A section γ satisfies
γ∗ΘQr = γ
∗
(
(πk,rQ )
∗θ0
)
= γ∗rθ0 = γr, (3.2)
where in the last identity we use the following universal property of θ0:
The canonical form θ0 on T
∗Q is the unique one-form
with the property that, for any one-form β on Q, β∗θ0 =
β.
From (3.2) one obtains that dγr = γ
∗dΘQr = −γ
∗ΩQr . Thus γ is a closed
section, i.e., each γr is a closed 1-form, if and only if γ
∗ΩQr = 0, for all
r ∈ {1, . . . , k}, or equivalently ΩQr |γ(Q)×γ(Q) = 0 for all r ∈ {1, . . . , k}.
Finally, by the Proposition 2.14(iii) we know that it is equivalent to
say that γ(Q) is k-isotropic, but in this particular case there exist
a k-isotropic complement given by the fibers of the projection, thus,
L = γ(Q) is a k-lagrangian submanifold. 
In particular, note that the zero section of πkQ is a k-lagrangian sub-
manifold.
Remark 3.6. In the previous proposition, since γ is closed, i.e., each
γr is closed, for each r, we have that every point has an open neigh-
borhood U ⊂ Q where there exist k functions Wr ∈ C
∞(U) such that
γr = dWr. This functionsW1, . . . ,Wk are called the characteristic func-
tions. The idea of characteristic functions go back to Hamilton-Jacobi
theory. In the k-symplectic framework, given a Hamiltonian function
H ∈ C∞(T ∗Q⊕
k
· · · ⊕T ∗Q), the Hamilton-Jacobi problem consists of
finding k function W1, . . . ,Wk : U ⊂ Q→ R such that
H
(
qi,
∂W1
∂qi
, . . . ,
∂Wk
∂qi
)
= constant.
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In [12], we give the geometric version of this equation as follow: let
γ = (γ1, . . . , γk) a closed section of π
k
Q : T
∗Q⊕
k
· · · ⊕T ∗Q → Q with
γr = dWr. If d(H ◦ γ) = 0, then W1, . . . ,Wk is a solution of the
Hamilton-Jacobi problem in the k-symplectic approach. ⋄
As in 2.16 and 2.17 one has
Proposition 3.7. Let (M1, ω
1
1, . . . , ω
1
k) and (M2, ω
2
1, . . . , ω
2
k) be two k-
symplectic manifolds, πi : M1×M2 →Mi the canonical projection onto
Mi, i = 1, 2 and for each r ∈ {1, . . . , k}
ω1r ⊖ ω
2
r = π
∗
1ω
1
r − π
∗
2ω
2
r .
Then:
(i) (ω11⊖ω
2
1, . . . , ω
1
k⊖ω
2
k) is a k-symplectic structure on M1×M2.
(ii) A map φ : M1 → M2 is a k-symplectomorphism if and only if
its graph Γφ is a k-lagrangian submanifold.
Proof. It is easy to prove (i). To prove (ii), note that φ induce a
diffeomorphism of M1 to
Γφ = {(x, φ(x)) | x ∈M1},
so we can write
T(x,φ(x))Γφ = {(vx, φ∗(x)(vx)) | vx ∈ TxM1} = graph(φ∗(x)) .
φ is a k-symplectomorphism if and only if φ∗ω2r = ω
1
r for all r ∈
{1, . . . , k}, i.e., for each x ∈ M1, the linear isomorphism
φ∗(x) : TxM1 → Tφ(x)M2
is a k-symplectomorphism; now by Proposition 2.17 that this is equiv-
alent to the fact that graph(φ∗(x)) is a k-lagrangian vector subspace
of (TxM1 × Tφ(x)M2, ω
1
1(x)⊖ ω
2
1(φ(x)), . . . , ω
1
k(x)⊖ ω
2
k(φ(x))). Finally,
by definition 2.11, we know that it is equivalent to say that Γφ is a
k-lagrangian submanifold of M1 ×M2. 
Proposition 3.5 tell us that the k-symplectic manifold ((T 1k )
∗Q, ω1, . . . ,
ωk) possesses a k-lagrangian foliation
1 with a transversal k-lagrangian
section. Moreover, the leaves of this foliation all have the same dimen-
sion, namely
dim(πkQ)
−1(x) = dim T ∗xQ×
k
· · · ×T ∗xQ .
These observations prompt us to introduce the following definition.
Definition 3.8. A family (M,ω1, . . . , ωk,W ) consisting of a k-symplec-
tic manifold (M,ω1, . . . , ωk) of dimension n(k + 1) and W is a k-
lagrangian involutive n-codimensional distribution on (M,ω1, . . . , ωk),
i.e. for each x ∈M , W (x) is a k-lagrangian subspace of TxM , is called
1 A k-lagrangian foliation is a foliation such that its leaves are k-lagrangian
submanifolds.
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a polarized k-symplectic manifold. We denote by F the foliation defined
by the subbundle W .
A big difference between symplectic and k-symplectic manifolds is
that in the k-symplectic case a theorem type Darboux is only valid for
the polarized k-symplectic manifolds. This theorem has been proved
in [2, 11]. We now recall this theorem
Theorem 3.9. (Darboux theorem) Let (M,ω1, . . . , ωk,W ) be a po-
larized k-symplectic manifold. About every point of M we can find a
local coordinate system (xi, yri ), 1 ≤ i ≤ n, 1 ≤ r ≤ k, called adapted
coordinate system, such that
ωr =
n∑
i=1
dxi ∧ dyri
for each 1 ≤ r ≤ k and
W (x) = span
{ ∂
∂yri
, 1 ≤ i ≤ n, 1 ≤ r ≤ k
}
.
Remark 3.10. In this section we introduce the notion of polarized k-
symplectic manifolds, this structure is called k-symplectic structure by
Awane [2, 3] and it is equivalent to the notion of standard polysymplec-
tic structure of Gunther [7] and integrable p-almost cotangent structure
introduced by M. de Leo´n et al. [10, 11] ⋄
3.2. Normal form for k-lagrangian submanifolds. There is an
important theorem due to A. Weinstein which gives the normal form
for a lagrangian submanifold L in a symplectic manifold (P, ω).
Theorem 3.11. (A. Weinstein [17]) Let (P, ω) be a symplectic man-
ifold and let L be a lagrangian submanifold. Then there exists a tubular
neighborhood U of L in P, and a diffeomorphism φ : U → V = φ(U) ⊂
T ∗L into an open neighborhood V of the zero cross-section in T ∗L
such that φ∗(ωL|V ) = ω|U , where ωL is the canonical symplectic form
on T ∗L.
Now we will extend to the k-symplectic setting this important theo-
rem due to A. Weinstein. Before, we recall the relative Poincare´ lemma
[17], which will be useful in the sequel.
Lemma 3.12. (Relative Poincare´ lemma) Let N be a submanifold
of a differentiable manifold M , and let U be a tubular neighborhood of
N with bundle map π0 : U → N . Notice that π0 is a vector bundle.
Denote by ∆ the dilation vector field of this vector bundle, and let ψs
be the multiplication by s. If we define an integral operator on forms
on U as follows
I(Ω)p =
∫ 1
0
ı∆sψ
∗
sΩpds
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where ∆s =
1
s
∆ and p ∈ U , then we have
I(dΩ) + d(IΩ) = Ω− π∗0 (Ω|N)
being Ω|N the form on N obtained by restricting Ω pointwise to TN
(observe that U can be taken as a normal bundle of TN in M).
Theorem 3.13. Let (M,ω1, . . . , ωk,W ) be a polarized k-symplectic
manifold. Let L be a k-lagrangian submanifold which is complementary
to W , that is, TL⊕W |L = TM |L. Then there is a tubular neighborhood
U of L and a diffeomorphism Φ: U → V ⊂ T ∗L⊕
k
· · · ⊕T ∗L where V
is a neighborhood of the zero section, such that Φ|L is the standard
identification of L with the zero section of T ∗L⊕
k
· · · ⊕T ∗L, and
Φ∗
(
ΩLr |V
)
= ωr|U ,
for all r ∈ {1, . . . , k}, where (ΩL1 , . . . ,Ω
L
k ) is the canonical k-symplectic
structure on T ∗L⊕
k
· · · ⊕T ∗L.
Proof. L is a k-lagrangian submanifold ofM complementary toW , that
is, for each x ∈ L, TxL is a k-lagrangian subspaces of TxM such that
TxL ⊂ (TxL)
⊥,k and TxM = TxL ⊕W (x), being W (x) a k-lagrangian
subspace of TxM
Firstly, we define a vector bundle morphism over the identity of L
W
φ
//
pi0

❃
❃
❃
❃
❃
❃
❃
❃
T ∗L⊕
k
· · · ⊕T ∗L
pik
Lxxqq
qq
qq
qq
qq
qq
q
L
where
φ(w) = (−ıwω1, . . . ,−ıwωk) .
The morphism φ is injective. In fact,
ker φ =
k⋂
r=1
ker ωr = {0}
where in the last identity we use that (ω1, . . . , ωk) is a k-symplectic
structure on M . Now by dimensionally assumptions, we deduce that φ
is a vector bundle isomorphism.
Since TM |L = TL⊕W |L, φ induces a morphism on a tubular neigh-
borhood U defined by W onto a neighborhood of L in T ∗L⊕
k
· · · ⊕T ∗L
(as usual, the latter embedding is understood as the identification of
L with the zero section). We shall denote the restriction of φ to the
tubular neighborhood U by ϕ. Notice that the restriction of ϕ to L is
the identity, so that Tϕ is also the identity on TL. Since φ is injective,
then ϕ : U → ϕ(U) is a bundle isomorphism.
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Using the identifications TM |L = TL ⊕ W |L and Tαx(T
∗L⊕
k
· · ·
⊕T ∗L) = TxL × T
∗
xL×
k
· · · ×T ∗xL
2 and the composition Ξ = Ψ−1 ◦
(IdTxL, ϕ) given by
Ξ(vx + wx) = Ψ
−1(vx,−ıwxω1, . . . ,−ıwxωk),
we have
Ξ∗
(
ΩLr (αx)
)
(vx + wx, v
′
x + w
′
x)
=(IdTxL, ϕ)
∗
(
(Ψ(−1))∗
(
ΩLr (αx)
))
(vx + wx, v
′
x + w
′
x)
=(IdTxL, ϕ)
∗(ωTxLr )(vx + wx, v
′
x + w
′
x)
=ωTxLr
(
(vx,−ıwxω1, . . . ,−ıwxωk), (v
′
x,−ıw′xω1, . . . ,−ıw′xωk)
)
=
(
−ıw′xωr
)
(vx)− (−ıwxωr) (v
′
x) = ωr(x)(vx, w
′
x) + ωr(x)(wx, v
′
x)
=ωr(x)(vx + wx, v
′
x + w
′
x) ,
where we have used that (Ψ−1)∗(ΩLr (αx)) = ω
TxL
r (see (3.1) and in the
last identity that TxL and Wx are two k-isotropic subspaces. Then we
have
Ξ∗ΩLr = ωr on L.
Now we use ϕ : U → ϕ(U) to pushforward ω1, . . . , ωr and we obtain
a family of k 2-forms Ω1, . . . ,Ωk in a neighborhood of L in T
∗L⊕ k. . .
⊕T ∗L. Using Lemma 3.12 we deduce that each Ωr = dΘr, where
Θr = I(Ωr), and from the definition of I one obtains
ΘLr |L = Θr|L = 0. (3.3)
Define the family of k 2-forms defined in a neighborhood of L in
T ∗L⊕ k. . . ⊕T ∗L.
Ωr,s = Ω
L
r + s(Ωr − Ω
L
r ), s ∈ [0, 1].
It is easy to check that
Ωr,s|L = Ω
L
r |L = Ωr|L .
Then if x ∈ L then
k⋂
r=1
ker Ωr,s(x) =
k⋂
r=1
ker ΩLr (x) = {0} because
(ΩL1 , . . . ,Ω
L
k ) is a k-symplectic structure. We can find a neighborhood
of L on T ∗L⊕
k
· · · ⊕T ∗L on which
k⋂
r=1
ker Ωr,s = 0 for all s ∈ [0, 1], that
is, in this neighborhood (Ω1,s, . . . ,Ωk,s) is a k-symplectic structure, for
all s.
From the property (3.3) we deduce that there is a unique time-
depending πk
L
-vertical vector field Xs such that
ıXsΩr,s = Θr −Θ
L
r
2The description of this identification was given in remark 3.3
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Moreover, the vector field Xs vanishes on L, thus we can neighbor-
hood of L in T ∗L⊕ k. . . ⊕T ∗L such that the flow ψs of Xs is defined at
least for s ≤ 1. Therefore
d
ds
(ψ∗sΩr,s) = ψ
∗
s (LXsΩr,s) + ψ
∗
s
(
dΩr,s
ds
)
= ψ∗s (dıXsΩr,s) + ψ
∗
s
(
Ωr − Ω
L
r
)
= ψ∗s
(
dΘr + dΘ
L
R + Ωr − Ω
L
r
)
= 0 .
Then,
ψ∗1Ωr,1 = ψ
∗
0Ω
L
r = Ω
L
r .
Finally, as Xs|L = 0, (ψs)|L = idL and then we deduce that ψ1 ◦ Ξ
gives us the desired local diffeormorphism. 
This result is similar to the theorem which gives the normal form of a
lagrangian submanifold in the multisymplectic setting, see for instance
[9, 13].
As a consequence of the above theorem we obtain a Equivalence
Theorem for k-lagrangian submanifolds.
Theorem 3.14. Let (Mi, ω
i
1, . . . , ω
i
k,Wi), (i = 1, 2) be two polarized k-
symplectic manifolds such that L is a k-lagrangian submanifold of each
Mi complementary to Wi. Then there exist a diffeomorphism Φ: U ⊂
M1 → V = Φ(U) ⊂ M2 from a neighborhood U of L in M1 in a
neigborhood V of L in M2, such that Φ|L = IdL and Φ
∗ (ω2r |V ) = ω
1
r |U
for each r ∈ {1, . . . , k}.
Proof. From Theorem 3.13 we know that for each i = 1, 2 there exist
a tubular neighborhood Ui of L and a diffeomorphism Φi : Ui → Vi =
Φi(Ui) ⊂ T
∗L⊕
k
· · · ⊕T ∗L such that Φi|L = IdL (here we consider the
standard identification of L with the zero section of T ∗L⊕
k
· · · ⊕T ∗L)
and
(Φi)
∗
(
ΩLr |Vi
)
= ωir|Ui .
We now consider the composition
U = Φ−11 (V1 ∩ V2)
Φ1
//
Φ
''
V1 ∩ V2
Φ−12
// V = Φ−12 (V1 ∩ V2)
Then Φ|L = IdL and
Φ∗
(
ω2r |V
)
= Φ∗1
(
(Φ−12 )
∗(ω2r |U)
)
= Φ∗1
(
ΩLr |V1∩V2
)
= ω1r |U .

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4. The group of diffeomorphism of a k-symplectic
manifolds
The diffeomorphisms of a manifold M into itseft may be identified
with their graphs, i.e., with the submanifolds of M × M which are
mapped diffeomorphically onto M by both of the projections π1 and
π2.
If M has a k-symplectic structure (ω1, . . . , ωk), M ×M has the k-
symplectic structure (ω1 ⊖ ω1, . . . , ωk ⊖ ωk) introduced in Proposition
3.7. In that Proposition we prove that a diffeomorphism φ : M → M
is a k-symplectomorphism if and only if its graph Γφ is a k-lagrangian
submanifold of M × M . Therefore, if ∆ denotes the graph of the
identity IdM , then ∆ is a k-lagrangian submanifold of M ×M , and,
by Theorem 3.13, there is a tubular neighborhood U of ∆ in M ×M
and a diffeomorphism Φ: U → V = Φ(U) ⊂ T ∗∆⊕
k
· · · ⊕T ∗∆ such
that Φ|∆ is the standard identification of ∆ with the zero section of
T ∗∆⊕
k
· · · ⊕T ∗∆ and
Φ∗
(
Ω∆r |V
)
= (ωr ⊖ ωr)|U ,
for all r ∈ {1, . . . , k}.
On the other hand, IdM induces the following diffeomorphism of M
to ΓIdM
f : M → ∆
x 7→ (x, x)
We now consider the canonical prolongation (T 1k )
∗f of this diffeo-
morphism to the bundle of k1-covelocities from T ∗∆⊕
k
· · · ⊕T ∗∆ to
T ∗M⊕
k
· · · ⊕T ∗M . Thus, the composititon of Φ and (T 1k )
∗f
U
Φ
// V = Φ(U) ⊂ T ∗∆⊕
k
· · · ⊕T ∗∆
(T 1
k
)∗f
// W = (T 1k )
∗f(V ) ⊂ T ∗M⊕
k
· · · ⊕T ∗M
gives us a k-symplectic diffeomorphism from a tubular neigborhood U
of ∆ in M ×M to a neighborhood W of the zero section of T ∗M⊕
k
· · ·
⊕T ∗M .
Thus, the diffeomorphisms “near” the identity IdM are thereby put
in one to one correspondence with a neighborhood of the zero in the
space of sections of πkM : T
∗M⊕
k
· · · ⊕T ∗M →M in such a way that the
k-symplectic diffeomorphism go onto the subspace of closed sections of
πkM , that is, in the subspace of families of k closed 1-forms over the
same basis point. This gives a coordinate chart for the diffeomorphism
group around the identity of M which the k-symplectic automorphism
group goes onto a linear subspace. Thus the k-symplectic automor-
phism group ofM is a manifold modeled on the space of closed sections
of πkM . In this discussion we consider the appropriate topologies and
differentiable structures on the spaces of diffeomorphism and closed
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sections. In a future work we want describe with detail the group of
automorphism of a k-symplectic manifold.
5. Conclusions and outlook
In this paper we have discussed some relevant properties of the k-
symplectic geometry. First, we have studied some properties of k-
symplectic vector spaces and their linear subspaces. Indeed, we have
introduced the different kinds of orthogonal complement of a subspaces
and extended many of the results in symplectic linear spaces to our
case. These results are later extended for k-symplectic manifolds.
The main result of this paper is the generalization of the Weinstein’s
normal form theorem for lagrangian submanifolds to this new geomet-
ric setting. A direct consequence is a local equivalence theorem for k-
lagrangian submanifolds. A second consequence is that we can induce
a differentiable structure in the automorphism group of a k-symplectic
manifolds. The considered k-symplectic manifolds need an extra geo-
metric ingredient (a polarization); indeed, this theorem is only valid for
polarized k-symplectic manifolds, that is a k-symplectic manifold M
of dimension n(k + 1) with a k-lagrangian integrable n-codimensional
distribution W .
As is well-known, some classical geometrical structures are deter-
mined by their automorphism groups, for instance it was shown by
Banyaga [4, 5, 6] that the geometric stuctures defined by a volume or
a symplectic form on a differentiable manifold are determined by their
automorphism groups, the groups of volume preserving and symplectic
diffeomorphism respectively. The natural question is if we can obtain
a similar result in our context, that is, if the geometric structures de-
fined by a k-structure are determined by the automorphism group of
a k-symplectic manifold. We hope to use the normal form theorem for
k-lagrangian submanifolds of a k-symplectic manifold to go further in
the study of the group of the automorphism of a k-symplectic mani-
folds. In order to simplify this paper, we leave this study for a future
paper.
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